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Abstract 
This paper deals with studying the mass sensing characteristics of defective Double Walled carbon Nanotubes (DWCNTs) using 
a molecular structure mechanics approach. In this study, vibrational behavior of defective DWCNTs are studied. Two types of 
defects i.e. Stone-Wales (S-W) and vacancy defects with different location are considered in the present investigation. The 
interlayer separation in the form of Van der Waals interaction is modelled using characteristic spring element. The inner and 
outer walls of the nanotube are modelled as elastic beams with a spring element connecting the two layers. Two types of 
boundary conditions, i.e. cantilever and bridged are considered for the purpose of analysis. In this paper, the effect of S-W defect 
and Vacancy defect of armchair, zigzag and chiral Double-walled carbon nanotubes (DWCNTs) was studied using an atomic- 
finite element model based on Molecular Structural Mechanics approach. It is observed that for all three types i.e. Armchair, 
Zigzag and Chiral nanotubes, the effect of both the type of defect is maximum when it is nearer to the fixed end. The model has 
been validated with the existing literature. 
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1. Introduction 
Carbon nanotubes (CNTs) have attracted deep research interest due to their unique properties such as high stiffness 
against bending and high tensile strength [1]. The Stone–Wales (SW) defect is one of most important defective 
structures in CNTs. It is formed by rotating a C–C bond in the hexagonal network by 90° (known as Stone-Wales 
transformation) subsequent in the creation of a dipole of a 5–7 ring pair [2]. 
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Defective CNTs and DWCNTs play energetic role in decreasing the mechanical strength of the composites and S-W 
as well as Vacancy defects have received considerable attention. In current years, mechanical, thermal chemical and 
electrical properties have encouraged considerable interest among researchers [3,4] Computer simulations are 
increasingly used to guide experimentalists in interpreting the results and even to reduce some of the laboratory 
tests. However, as with any other man-made products, CNTs and DWCNTs were also found to be accountable to 
defects such as vacancy, waviness and stone-wales. 
Based on the Experimental results and theoretical investigations, it is found that CNT and DWCNTs are not as 
perfect as it seems. Defects such as the 5–7 rings, kinks, junctions, and impurities may be presented in as-prepared 
CNTs. These defects can significantly change the electrical, chemical, and mechanical properties of CNTs [5-7]. 
The effective use of CNTs in structural applications depends on their mechanical performance as stand-alone units. 
Ebbesen et al [8] derived at the time of Experimental observations have revealed that topological defects, such as the 
Stone–Wales defect and vacancy defects, are commonly present in CNTs and DWCNTs. 
The presence of defects in CNTs is associated by the results of Mielke et al. [9] predicted that the presence of 
vacancy defects significantly reduces the failure stress and failure strain of CNTs providing an explanation for the 
extant theoretical–experimental discrepancies. Existence of Stone–Wales defect reduces the stiffness of the defected 
area by about 30–50% resulting in reduction of the CNTs Young’s modulus was derived by Chandra et al. [10]  
Patel and Joshi [11] analyzed vibrational characteristics of double walled carbon Nanotube (DWCNT) modelled 
using solid element, spring elements and attached masses in zg. Patel and Joshi [12-14] have been investigated 
resonant frequency and frequency shift of double walled carbon nanotubes with deviances along it is axis and 
different types of boundary conditions i.e., cantilever and bridged. The sensitivity of the actually turned double 
walled carbon nanotubes, different masses attached to the end of outer tube tip on DWCNT and center outer tube tip 
of the bridged DWCNT and different lengths has been discovered and presented.  
The current study focuses on assessing the mass sensing characteristics of DWCNT using the dynamics of a 
DWCNT based resonators with different attached masses. The inner and outer walls of carbon nanotube are 
modeled as two individual elastic beams interacting each other by Van der Waals forces. To simulate the interlayer 
interactions and describe the Van der Waals potentials between carbon atoms on different layers appropriate spring 
elements are utilized. Simulations are carried out using a Finite Element Procedure. 
 
Nomenclature 
R Inter Atomic distance    
ρ  Density of DWCNT 
δ Amplitude of waviness 
x special coordinate 
Δr,  bond stretching increment 
Δθ  bond angle variation 
Δø  angle variation of bond twisting 
D1,2  Inner and outer Diameter of DWCNT 
L1,2  length of DWCNT 
E,G Young’s modulus and shear modulus of the beam element 
2. The Stone–Wales defect in DWCNTs 
Defects in DWCNTs in inner and outer tubes, either introduced during the production process or stress induced 
ones, may be divided into three categories: 
1. Topological and geometrical defects produce, such as the SW transformation 
2. Re-hybridization defects, which refer to the change from sp2 to sp3 of a C–C bond due to highly localized 
deformation, and 
3. Defective bonding and other defects, such as contamination attachments, substitutions and vacancies. 
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The S-W defect was eventually accessible as the ‘Stone–Wales transformation’ [2] and referred to the rotation of a 
bond joint by two adjacent hexagons in icosahedral C60, which results in an different conformation having two 
adjacent pentagons. Thus, the usage of the term in the CNT literature is a generalization of the original usage. 
In short, the SW defect in outer tube or inner tubes DWCNTs may be described as the 900 rotation of a bond that 
transforms 4 hexagons into 2 pentagons and 2 heptagons. A representation of the defect establishment in the 
hexagonal (armchair) lattice is shown in Fig. 1  
 
 
(a) 
 
(b) 
Fig. 1. Graphical Representation of the S-W formation in the hexagonal lattice of CNTs: (a) pristine lattice and (b) SW-defected lattice 
 
In this analysis, two types of defects are considered at the same position for the purpose of analysis. First 
type of defect which is considered as atomic vacancy on the outer wall of DWCNT, i.e. removal of one atom at 
the outer tube of DWCNTs and the three bonds related to it, located at the centre and at different positions along 
the length of the DWCNT. Second type of defect which is considered as Stone-wales(S-W) defect on the outer 
wall of DWCNT, i.e. SW defect in outer tube DWCNTs defined as the 900 rotation of a bond that transforms 4 
hexagons into 2 pentagons and 2 heptagons. Figure 2 shows the atomistic model of DWCNT Stone-Wales 
defects and Figure 3 Atomic vacancies present on outer walled of DWCNT. Figure 4 (a) and (b) shows the 
atomistic model of bridged and cantilever DWCNT with S-W defect and multiple vacancies present at three 
different Positions. It also shows DWCNT with vacancy and stone-wales defects, P1 (Position 1) indicating that 
the defect is away from the ﬁxed end of the outer wall of cantilever DWCNT, P2 (Position 2)   defect of Centre 
of outer tube, P3 (Position 3) being nearer to the ﬁxed end of the outer wall of cantilever DWCNTs. 
 
 
Fig. 2 Atomistic model of DWCNT Stone-Wales defects 
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Fig. 3 Atomic vacancies present on outer walled of DWCNT 
 
 
(a) 
 
(b) 
Fig. 4 (a) and (b) Atomistic model of bridged and cantilever DWCNT with S-W defects and atomic vacancies present at three different Positions 
(Position 1, 2 and 3) 
 
The modelling of the defect is performed during the formation of the FE mesh where the necessary modiﬁcations in 
the nanotube lattice are made. The established model has the ability to consider vacancy defects at three different 
positions. To model the defects, necessary modiﬁcations in the nanotube lattice are made. After constructing the 
space frame structure, to model the non-reconstructed one and two vacancy defects, carbon atoms and related bonds 
are removed from the nanotube structure.  
3. Molecular structure mechanics in DWCNT 
In this paper, for utilizing the atomic finite element model potential energy is used to evaluate linear nanospring 
stiffness. The total force on each atomic nuclei is the sum of the force generated by the electrons and electrostatics 
force between the positively charged nuclei themselves. The general formula for the potential energy is 
Q Q Q Q Q Qr vdwZT I    ¦ ¦ ¦ ¦ ¦                     (1) 
Where Qr is the energy due to bond stretch interaction, Qθ the energy due to bending (bond angle variation), QΦ, the 
energy due to dihedral angle torsion, Qω, the energy due to out-of-plane torsion and Qvdw the energy due to non-
bonded Vander Waals interaction.   
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Where kr, kθ, and kτ are the bond stretching, bond bending and torsional resistance force constants, respectively, 
while Δr, Δθ and Δø represent bond stretching increment, bond angle variation and angle variation of bond twisting, 
respectively.  In contrast to the other bonded interactions, the van der Waals interactions and the electrostatic forces 
may be neglected due their minor effects in terms of predicting the dynamics response of CNTs. 
As the potential energy in the two approaches is independent, energy equivalence of the stored energy of the two 
approaches, i.e. molecular mechanics and structural mechanics [15] 
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The elastic properties of the beam element are given as [16] 
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where d, L, E and G represent the diameter, length, Young’s modulus and shear modulus of the beam element. 
The second derivatives of the potential energy terms in Eqs. (2)- (4) with respect to bond length, bond angle and 
twisting bond angle variations produce the spring stiffness coefficients kr, kθ, and kW  according to Castigliano’s  
theorem.  The angle bending interaction is simulated with an axial nanospring, using the simplification described in 
[17]. The stiffness Ks of special spring is defined by following equation: 
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         (7) 
The angle may be varying for each C-C-C microstructure in a CNT according to its type and radius, due to 
cylindrical shape.The van der Waals force field between the interfacial layers is represented by a spring element 
COMBIN14.  The spring stiffness coefficient of Equations (2)-(4) are taken to be equal to kr =6.52×10-7 N nm-1, kθ = 
8.76× 10-10 N nm rad-2   and kτ = 2.78×10-10 N nm rad-2 [17].  In order to simulate the inertia effects, a point mass 
equal to a whole or half of the carbon atomic nucleus mass (M= 1.9943×10-26 gm) is added to a node in a particular 
elements. For simulating the structure, a structural point mass is added on all nodes as element. 
4. Result and Discussions 
To Model the structure of DWCNT, the elastic beam properties are applied to an elastic beam element and 
the mass properties to the point mass. The Modeling of the vacancy defect is performed during the creation of FEM 
where the necessary modifications in the nanotube lattice are made. The cross-section diameter, modulus of the 
elasticity and shear modulus of the beam element for inner and outer tube of DWCNT are taken as 0.1421 nm, 1.00 
TPa, 0.4 TPa, respectively. Three different type of DWCNTs Zigzag DWCNT (8,8)@(6,6), Armchair DWCNT 
(14,0)@(10,0) and Chiral DWCNT (10,4)@(6,4) are considered for analysis. The effect of the mass sensing ability 
of DWCNT based mass sensors is analyzed. This analysis is also covers the effects of vacancy defect and stone-
wales defects in zigzag, armchair and Chiral DWCNTs of outer tube with different boundary condition cantilever 
and bridged at three different position.  
To verify the model, for the case of DWCNT with the bridged boundary condition, the authors have 
compared the present model results with Li and Chou et al [18] shown in figure 5. Figure 6 shows the Frequency of 
four different type of defective chiral DWCNT with attached mass for cantilever condition. It’s define that higher 
frequency on chiral DWCNT (10, 4) @ (6, 4). Figure 7 shows the frequency due to vacancies defect and stone-wales 
defect  at three different position of Zigzag DWCNT (8,8)@(6,6), Armchair DWCNT (14,0)@(10,0) and Chiral 
DWCNT (10,4)@(6,4). It can be visualized that for lower values of mass the change in frequency observed is very 
less, which significantly increases with the increase in the attached mass. Its shows very less variation of frequency 
between stone-wales and vacancy defects.  
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Fig. 5. Comparison of present model results with Li and Chou et al [18] 
 
 
Fig. 6. Frequency of four different types of defective chiral DWCNT with attached mass for cantilever condition 
 
Fig. 7. Vacancy defects and stone-wales defects at different position of DWCNT vs. Frequency (Hz) 
Table 1 shows frequency for different types of cantilever DWCNTs with different mass addition at the tip. Table 2 
and 3 shows the frequency due to vacancies defect and Stone-Wales defect at different position of Zigzag DWCNT 
(8,8)@(6,6), Armchair DWCNT (14,0)@(10,0) and Chiral DWCNT (10,4)@(6,4). It can be visualized that for 
lower values of mass the frequency is very less amount of frequency in three the type so nanotubes, which 
substantially increases with the increase in the attached mass. It can be observed that the frequency is higher that 
vacancy defect and Stone-Wales defect at position 1 at 1×10-21 gm mass when vacancy defect is near to fixed 
condition(Position 3) frequency is reduce. Comparison between vacancies defect and Stone-Wales defect in same 
position at three different type of tubes reveals a higher reduction of frequency in vacancy defect in all three 
different types of tubes. This recommends that the effect of Stone-wales defects in DWCNTs is lesser as compared 
to the atomic vacancies. Hence, for mass sensing applications vacancies are found to be more vulnerable as 
compared to Stone wales defect. Table 4 shows Frequency due to Stone-Wales defect at different position of three 
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different chiral DWCNT (11,3) &(7,3), DWCNT (12,1) &(8,1) and DWCNT (13,2) &(9,2). It is seen that the effect 
of stone-wales is maximum when it is nearer to the ﬁxed. 
Table 1 Frequency for different types of cantilever DWCNTs with different mass addition at the tip. 
Mass 
(gm) 
DWCNT  
(8,8) &(6,6) 
DWCNT  
(14,0) &(10,0) 
DWCNT  
(10,4) &(6,4) 
DWCNT  
(11,3) &(7,3) 
DWCNT  
(12,1) &(8,1) 
DWCNT 
 (13,2) &(9,2) 
1×10-21 2.56E+08 2.41E+08 2.03E+08 1.08E+08 1.07E+08 1.58E+08 
1×10-20 1.17E+08 1.25E+08 1.19E+08 6.50E+07 8.02E+07 1.13E+08 
1×10-19 3.83E+07 4.19E+07 3.90E+07 2.22E+07 2.60E+07 3.80E+07 
1×10-18 1.22E+07 1.33E+07 1.24E+07 7.08E+06 8.23E+06 1.21E+07 
1×10-17 3.85E+06 4.22E+06 3.91E+06 2.24E+06 2.60E+06 3.82E+06 
1×10-16 1.22E+06 1.33E+06 1.24E+06 7.09E+05 8.23E+05 1.21E+06 
 
Table 2 Frequency due to vacancies defect at different position of Zigzag DWCNT (8,8)@(6,6), Armchair DWCNT (14,0)@(10,0) and Chiral 
DWCNT (10,4)@(6,4) 
 Frequency(Hz) of  Cantilever DWCNTs for Vacancy Defects 
Mass 
(gm) 
DWCNT (8,8)@(6,6) DWCNT (14,0)@(10,0) DWCNT (10,4)@(6,4) 
P1 P2 P3 P1 P2 P3 P1 P2 P3 
1×10-21 2.555E+08 2.540E+08 2.530E+08 2.400E+08 2.398E+08 2.390E+08 2.019E+08 2.009E+08 2.008E+08 
1×10-20 1.160E+08 1.155E+08 1.153E+08 1.238E+08 1.234E+08 1.220E+08 1.182E+08 1.178E+08 1.177E+08 
1×10-19 3.815E+07 3.803E+07 3.800E+07 4.177E+07 4.163E+07 4.144E+07 3.888E+07 3.878E+07 3.875E+07 
1×10-18 1.210E+07 1.202E+07 1.200E+07 1.319E+07 1.315E+07 1.300E+07 1.227E+07 1.224E+07 1.223E+07 
1×10-17 3.826E+06 3.819E+06 3.812E+06 4.201E+06 4.190E+06 4.173E+06 3.902E+06 3.893E+06 3.889E+06 
1×10-16 1.204E+06 1.202E+06 1.200E+06 1.318E+06 1.315E+06 1.300E+06 1.227E+06 1.224E+06 1.223E+06 
 
Table 3 Frequency due to Stone-Wales defect at different position of Zigzag DWCNT (8,8)@(6,6), Armchair DWCNT (14,0)@(10,0) and Chiral 
DWCNT (10,4)@(6,4) 
 Frequency(Hz) of Cantilever DWCNTs for Stone-Wales Defects 
Mass 
(gm) 
DWCNT (8,8)@(6,6) DWCNT (14,0)@(10,0) DWCNT (10,4)@(6,4) 
P1 P2 P3 P1 P2 P3 P1 P2 P3 
1×10-21 2.559E+08 2.558E+08 2.548E+08 2.402E+08 2.399E+08 2.395E+08 2.028E+08 2.020E+08 2.015E+08 
1×10-20 1.168E+08 1.165E+08 1.160E+08 1.248E+08 1.239E+08 1.230E+08 1.189E+08 1.185E+08 1.181E+08 
1×10-19 3.825E+07 3.816E+07 3.810E+07 4.187E+07 4.173E+07 4.154E+07 3.898E+07 3.858E+07 3.875E+07 
1×10-18 1.217E+07 1.214E+07 1.200E+07 1.329E+07 1.325E+07 1.310E+07 1.237E+07 1.234E+07 1.233E+07 
1×10-17 3.834E+06 3.824E+06 3.820E+06 4.211E+06 4.200E+06 4.183E+06 3.882E+06 3.883E+06 3.800E+06 
1×10-16 1.219E+06 1.215E+06 1.210E+06 1.328E+06 1.325E+06 1.312E+06 1.237E+06 1.234E+06 1.233E+06 
 
Table 4 Frequency due to S-W defect at different position of chiral DWCNT (11, 3) & (7,3), DWCNT (12,1) &(8,1) and DWCNT (13,2) &(9,2) 
 Frequency(Hz) of Cantilever different type chiral DWCNTs for Stone-Wales Defects 
Mass 
(gm) 
DWCNT (11,3) &(7,3) DWCNT (12,1) &(8,1) DWCNT (13,2) &(9,2) 
P1 P2 P3 P1 P2 P3 P1 P2 P3 
1×10-21 1.077E+08 1.076E+08 1.067E+08 1.332E+08 1.072E+08 1.082E+08 1.571E+08 1.570E+08 1.560E+08 
1×10-20 6.499E+07 6.498E+07 6.407E+07 8.018E+07 7.999E+07 8.023E+07 1.029E+08 1.125E+08 1.120E+08 
1×10-19 2.125E+07 2.220E+07 2.207E+07 2.599E+07 2.599E+07 2.602E+07 3.789E+07 3.770E+07 3.771E+07 
1×10-18 7.069E+06 7.066E+06 7.019E+06 8.229E+06 8.214E+06 8.232E+06 1.202E+07 1.199E+07 1.203E+07 
1×10-17 2.239E+06 2.236E+06 2.222E+06 2.610E+06 2.600E+06 2.611E+06 3.813E+06 3.794E+06 3.815E+06 
1×10-16 7.078E+05 7.075E+05 7.017E+05 8.231E+05 8.216E+05 8.234E+05 1.203E+06 1.201E+06 1.200E+06 
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5. Conclusion 
x Atomistic molecular structural approach is used to study the effect of defects like atomic vacancies and 
Stone-Wales defects in chiral, zigzag and armchair DWCNT on the resonant frequency. 
x Effect of stone- wales defect and atomic vacancy is maximum of chiral, zigzag and armchair cantilever 
DWCNT when it is nearer to the ﬁxed.  
x Comparison between vacancies defect and Stone-Wales defect in same position at three different type of 
tubes reveals a higher reduction of frequency in vacancy defect in all three different types of tubes. This 
recommends that the effect of Stone-wales defects in DWCNTs is lesser as compared to the atomic 
vacancies. Hence, for mass sensing applications vacancies are found to be more vulnerable as compared to 
Stone wales defect.  
Acknowledgements 
The authors would like to acknowledge the DST grant no.SB/FTP/ETA-106/2013, provided by Department of 
Science and Technology (DST), Science and Engineering Research Board, Govt. of India. 
References 
[1] S. Iijima, Helical microtubules of graphite carbon, Nature. 354 (1991) 56-58. 
[2] K.T.Lau and D.Hui, The revolutionary creation of new advanced materials-carbon nanotube composites, Comp. Part B. 33 (2002) 
263-277. 
[3] H.D.Wagner, Nanotube-polymer adhesion: A mechanics approach, Chem. Phys. Lett. 361 (2002) 57-61. 
[4] Stone AJ, Wales DJ. Theoretical studies of icosahedral C60 and some related species. Chem Phys Lett 1986; 128 (5–6):501–3. 
[5] D. B. Mawhinney, V. Naumenko, A. Kuznetsova, J. T. Yates, Jr., J. Liu, and R. E. Smalley, Chem. Phys. Lett. 324, (2000) 213.  
[6] J.-C. Charlier, T. W. Ebbesen, and Ph. Lambin, Phys. Rev. B 53, (1996) 11108. 
[7] M. B. Nardelli, J. L. Fattebert, D. Orlikowski, C. Roland, Q. Zhao, and J. Bernholc, Carbon 38, (2000)1703.  
[8] Ebbesen TW, Takada T. Topological and sp3 defect structures in nanotubes. Carbon 1995; 33(7):937–78. 
[9] Mielke SL, Troya D, Zhang S, Li J-L, Xiao S, Car R, et al. The role of vacancy defects and holes in the fracture of carbon nanotubes. 
Chem Phys Lett 2004; 390:413–20. 
[10] Chandra N, Namilae S, Shet C. Local elastic properties of carbon nanotubes in the presence of Stone–Wales defects. Phys Rev B 
2004; 69:094101. 
[11] Patel Ajay M., Joshi A.Y., 2013, “Vibration Analysis of Double Wall Carbon Nanotube based Resonators for Zeptogram level Mass 
Recognition”, Computational Materials Science, Elsevier Publishers, Volume 79, , Pp 230–238.  
[12] Patel Ajay M., Joshi A.Y., “Investigating the Influence of Surface Deviations in Double Wall Carbon Nanotube based 
Nanomechanical Sensors”, Computational Materials Science,Volume 89, April 2014, Pages 157–164.  
[13] Ajay M. Patel, Joshi A.Y. 2014 “Effect of Waviness on the Dynamic Characteristics of Double Walled Carbon Nanotubes” 
Nanoscience Nano technology Letter, vol- 6, 1-9.  
[14] Ajay M. Patel, Anand Y Joshi, “Influence of atomic vacancies on the dynamic characteristics of nanoresonators based on double 
walled carbon nanotube” Physica E, volume 70(c), 2015, pages 90-100  
[15] Li, C. and Chou, T.-W. (2003), “A structural mechanics approach for the analysis of carbon nanotubes”, Int. J. Solids Struct., Vol. 40, 
pp. 2487-99. 
[16] Li, C. and Chou, T.-W. (2003), “Single-walled carbon nanotubes as ultrahigh frequency nano mechanical resonators”, Physical 
Review B – Condensed Matter and Materials Physics, Vol. 68, pp. 734051-3. 
[17] W.D. Cornell , C.I. Bally , I.R. Gould K.M. Merz Jr., D.M. Feguson, D.C.Spellmeyer, T.Fox, J.W. Caldwell, P.A. Kollman, Journal of 
American Chemical Society 117(1995)5179-5197. 
[18] C. Li, T.W. Chou, Applied Physics Letters 84 (2004) 121-123. 
